Abstract. We prove the inviscid limit of the incompressible Navier-Stokes equations in the same topology of Besov spaces as the initial data. The proof is based on proving the continuous dependence of the Navier-Stokes equations uniformly with respect to the viscosity. To show the latter, we rely on some Bona-Smith type method in the L p setting. Our obtained result implies a new result that the Cauchy problem of the Euler equations is locally well-posed in the borderline [12, 13, 14] .
Introduction
In this article, we consider the incompressible Navier-Stokes equations      ∂ t u + u · ∇u − ε∆u = −∇P, div u = 0, u(0, x) = u 0 ,
where u(t, x) : [0, ∞) × R d → R d is the unknown velocity, ε ≥ 0 is the viscocity parameter, and P is the pressure term. When the viscocity vanishes, namely ε = 0, then (1.1) reduces to the Euler equations for ideal incompressible fluid. Both NavierStokes and Euler equations have been extensively studied and the problems of global regularity for 3D equations are still challenging open problems. See [1] for a survey of studies for both equations.
Formally, as ε → 0, the solution of the Navier-Stokes equations converges to the solution of the Euler equation. To derive the convergence rigorously is the inviscid limit problem. This problem has been studied in many literatures. See for example [16, 8] , and [5] for the inviscid limit on the bounded domain. In [9] , Majda showed under the assumption u 0 ∈ H s with s > d 2 + 2, the solutions u ε to (1.1) converge in L 2 norm as ε → 0 to the unique solution of Euler equation and the convergence rate is of order εt. In [10] , Masmoudi proved the convergence in H s norm under the assumption u 0 ∈ H s with s > d 2 + 1. In dimension two the results are global in time and were improved in [7] where the assumption is improved to u 0 ∈ B [11] .
The purpose of this article is to study the inviscid limit in the same topology. As a by-product, we obtain the continuous dependence for the Euler equations which was not proved in [1] or other literatures that we are aware of. The main result of this paper is
(1.5)
3) (Inviscid limit): we have
Remark 1. The novelty of the above theorem is part 2) and 3), while part 1) is classical. For d = 2, using the structures of the equations one can derive a global a-priori bound on u(t) B s p,r
, and hence the above theorem holds for any T . For d = 3, assuming axis-symmetry without swirl and an additional condition on the vorticity, we also have the above theorem for any T . [12, 13, 14] . In particular, the continuous dependence seems to be new and the arguments work for many other equations in fluid dynamics. This is a bit surprising since near B 1 ∞,1 there is some weak norm inflation phenomena, see [12, 13, 14] . The proof of the theorem is an application of the Bona-Smith method [4] but in the L p setting. The method is very useful in proving the continuity of the solution map especially when the solution map is not Lipshitz or C k smooth. In our problem, the solution map of the Euler equation was known not to be locally Lipshitz (at least in the torus case, see [6] ), hence one can not have
(1.8)
The essence of the Bona-Smith method is, however, to show for any φ ∈ B s p,r 9) where S N the frequency localization operator defined in Section 2. With these estimates we can conclude the continuous dependence.
Preliminaries
In this section we collect some preliminary definitions and lemmas. For more details we refer the readers to [1] .
Let χ : R d → [0, 1] be a radial, non-negative, smooth and radially decreasing function which is supported in B {ξ : |ξ| ≤ . Let
≤ |ξ| ≤ 8 3 }. For u ∈ S ′ , q ∈ Z, we define the Littlewood-Paley operators: 
Next we recall nonhomogeneous Bony's decomposition from [1] .
This is now a standard tool for nonlinear estimates. Now we use Bony's decomposition to prove some nonlinear estimates which will be used for the estimate of pressure term. 
where
Proof. This follows from a standard argument (e.g. see Lemmas 7.9-7.10, [1] and Proposition 8, [15] ) using Bony's decomposition and the fact that u·∇v = div (v⊗u) and div (u · ∇v) = div (v · ∇u) when div u = div v = 0. We omit the details.
We need an estimate for the transport-diffusion equation which is uniform with respect to the viscocity. Consider the following equation:
There exists a constant C, depending only on d, p, r, σ, such that for any smooth solution f of (2.1) and t ≥ 0 we have
3)
and r = 1}. By the relation P = P (u) := (−∆) −1 div (u · ∇u), we have the following estimates (see Lemma 2.1): 
dτ , then by continuity arguments there exists T = T ( u 0 B s p,r ) > 0 such that
Similarly,
and Gronwall's inequality, we obtain
Step 2. We show that the solution map of (1.1) is continuous in a uniform way with respect to ε ∈ [0, 1].
First we show for any φ,
Then by Lemma 2.2, Lemma 2.1 and (3.4) we get
which by Gronwall's inequality and (3.3) implies 5) and thus (3.2) is proved.
Next we show for any
, by Lemma 2.1 we get Using Gronwall's inequality we prove (3.6). Now we prove the continuous dependence in B s p,r . For any φ, ψ ∈ B R we have
With the above estimate we obtain the continuous dependence.
Step 3. We finally prove the inviscid limit of the Navier-Stokes system (1.1).
To obtain the result (1.6), we decompose the left term of (1.6) into This completes the proof of (1.6).
